We study algebraic fiber spaces f : X −→ Y where Y is of maximal Albanese dimension. In particular, we give an effective version of a theorem of Y. Kawamata: If P m (X ) = 1 for some m ≥ 2, then the Albanese map of X is surjective. Combining this with [1] , it follows that X is birational to an abelian variety if and only if P 2 (X ) = 1 and q(X ) = dim(X ).
Introduction
In this paper we combine the generic vanishing theorems of [5] and [6] , the techniques of [3] , and the results of [10] and [11] to answer a number of natural questions concerning the geometry and birational invariants of irregular complex algebraic varieties.
Throughout the paper we are motivated by the following conjecture.
CONJECTURE K (Ueno) Let X be a nonsingular projective algebraic variety such that κ(X ) = 0, and let alb X : X −→ Alb(X ) be the Albanese map. Then (1) alb X is surjective and has connected fibers; that is, alb X is an algebraic fiber space; (2) if F is a general fiber of alb X , κ(F) = 0; (3) there is anétale covering B −→ Alb(X ) such that X × Alb(X ) B is birationally equivalent to F × B over B.
The main evidence toward this conjecture is given by the following theorem.
THEOREM (Kawamata) (1) Conjecture K (1) is true (see [7, Th. 1] [8] ).
We remark here that in the proofs of our statements, we make use of [7, Th. 1] in an essential way. As a consequence of [7, Th. 1] , one sees the following corollary.
COROLLARY (Kawamata [7] ) If κ(X ) = 0, then q(X ) ≤ dim(X ). Moreover, if q(X ) = dim(X ), then alb X : X −→ Alb(X ) is a birational morphism.
There has also been considerable interest in effective versions of this result. Kollár has shown the following theorem.
THEOREM (Kollár [12] ) (1) If P 3 (X ) = 1, then the Albanese map is surjective. (2) Moreover, if P 4 (X ) = 1 and q(X ) = dim(X ), then alb X : X −→ Alb(X ) is a birational morphism.
CONJECTURE (Kollár [13, (18.13 
)])
X is birational to an abelian variety if and only if q(X ) = dim(X ) and P m (X ) = 1 for some m ≥ 2.
Our first result is the following theorem.
THEOREM 1
If for some integer m ≥ 2 the mth plurigenera P m (X ) equals 1, then the Albanese map of X is surjective.
Combining Theorem 1 with the results from [1] , we obtain the following corollary.
COROLLARY 2
Kollár's conjecture above (see [13, (18.13) ]) is true.
We are also able to generalize the corollary of Kawamata's theorem.
COROLLARY 3
If P m (X ) = P 2m (X ) = 1 for some m ≥ 2, then q(X ) ≤ dim(X ) − κ(X ). If q(X ) = dim(X ) − κ(X ), then the general fiber of the Iitaka fibration of X is birationally equivalent to a fixedétale coverÃ of A := Alb(X ).
Next, we study algebraic fiber spaces f : X −→ Y where X, Y are smooth projective varieties and Y is of maximal Albanese dimension. The generic vanishing theorems of M. Green and R. Lazarsfeld are a very effective technique in the study of irregular varieties. In §2 we prove a more general version of Theorem 2.1 which applies to irregular varieties not necessarily of maximal Albanese dimension. Using this result, we are able to show the following theorem.
THEOREM 4
If κ(X ) = 0, let a := alb X : X → Alb(X ) be the Albanese map. Then (1) a * ω X is either a zero sheaf or a torsion line bundle;
there is a generically finite coverX −→ X with κ(X ) = κ(X ) such that albX
Using a well-known result of T. Fujita (see [14, (4.1) ]), for any X with κ(X ) = 0, there exists a generically finite coverX −→ X such that κ(X ) = 0 and P 1 (X ) = 1 as in Theorem 4(3). We explain the significance of Theorem 4(4). For any algebraic fiber space f : X −→ Y , the rank at a generic point of the sheaves f * (ω ⊗m X/Y ) corresponds to the plurigenera P m (F X/Y ) of a generic geometric fiber. It is expected that the positivity of the sheaves f * (ω ⊗m X/Y ) measures the birational variation of the geometric fibers. Our methods unluckily cannot be applied to the case m ≥ 2 because of the lack of a suitable geometric interpretation of the sheaves f * (ω ⊗m X/Y ). If F = F X/Alb(X ) has a good minimal model, then by Kawamata's result there is anétale covering B −→ Alb(X ) such that X × Alb(X ) B is birationally equivalent to F × B over B. Since κ(F) = 0, by Fujita's lemma again, there exists a generically finite coverF such that κ(F) = 0 and P 1 (F) = 1. Since F has a good minimal model, we may assume in fact that (for an appropriate birational model with canonical singularities) KF = 0. LetX =F × B. Then, for all m ≥ 1,
where π B :X −→ B is the projection to the second factor.
The following lemma is useful. (
The above statements are closely connected to the following well-known conjecture.
This conjecture is true when F X/Y has a good minimal model (see [8] 
We then illustrate how one can use this result to recover Conjecture K in the case when dim(X ) = q(X ) + 1 (see [7, Th. 15] In particular, the plurigenera h 0 (X, ω X ⊗m ) are denoted by P m (X ) and the irregularity h 0 (X, 1 X ) is denoted by q(X ).
Preliminaries

The Iitaka fibration
Let X be a smooth complex projective variety with κ(X ) > 0. Then a nonsingular representative of the Iitaka fibering of X is a morphism of smooth complex projective varieties f : X −→ V such that X is birational to X , dim(V ) = κ(X ), and κ(X v ) = 0, where X v is a general geometric fiber of f . Since our questions are birational in nature, we may always assume that X = X . Let A := Alb(X ), and let Z denote the image of X in A. Let Z denote an appropriate desingularization of Z ; we may assume that X −→ Z factors through Z . By [7] the images a(X v ) = K v are translates of abelian subvarieties of A. Since A contains at most countably many abelian subvarieties, we may assume that K v are all translates of a fixed abelian subvariety K ⊂ A. Let S := A/K , and let W denote the image of Z in S. Let W be an appropriate desingularization of W . We may assume that the induced morphism π : X −→ W factors through a morphism π : X −→ W . Consider now a birational model of the Iitaka fibration f : X −→ V .
CLAIM
We may assume that the map π factors through f and a morphism q :
To see this, note that by construction there is an open dense subset U of V and a map U −→ S. However, by a standard argument this must complete to a rational map V −→ S (see, e.g., [7, Lem. 14] ). Since the problem is birational, we may assume that V −→ S is in fact a morphism that factors through W . The above maps fit in the following commutative diagram:
Fourier-Mukai transforms
Let A be an abelian variety, and denote the corresponding dual abelian variety bŷ A. Let P be the normalized Poincaré bundle on A ×Â. For any point y ∈Â, let P y denote the associated topological trivial line bundle. Define the functorŜ of O A -modules into the category of OÂ-modules bŷ
The derived functor RŜ ofŜ then induces an equivalence of categories between the two derived categories D(A) and D(Â).
In fact, by [15] : There are isomorphisms of functors
shift the complex g places to the right."
The index theorem (IT) is said to hold for a coherent sheaf F on A if there exists
The weak index theorem (WIT) holds for a coherent sheaf F if there exists an integer, which we again denote by i(F ), such that for all j = i(F ), R jŜ (F ) = 0. It is easily seen that the IT implies the WIT. We denote the coherent sheaf R i(F )Ŝ (F ) onÂ bŷ F . It follows, for example, that given any coherent sheaf F , if h i (A, F ⊗ P) = 0 for all i and all P ∈ Pic 0 (A), then F = 0. Consequently, if F −→ G is an injection of sheaves which induces isomorphisms in cohomology
for all i and all P ∈ Pic 0 (A), 
Relative generic vanishing theorems
We start by recalling some facts on cohomological support loci. Let π : X → A be a morphism from a smooth projective variety X to an abelian variety A. If F is a coherent sheaf on X , then one can define the cohomological support loci by
In particular, if π = alb X : X → Alb(X ), then we simply write
We say that X has maximal Albanese dimension if dim(alb X (X )) = dim(X ). The geometry of the loci V i (X, ω X ) defined above is governed by the following theorem.
If v is tangent to T , then the maps in the above sequence vanish. (3)
If X is a variety of maximal Albanese dimension, then
is a translate of an abelian subvariety of Pic 0 (X ) by a torsion point.
Proof
For (1) and (2), see [5] and [6] . For (3), see [3] , and for (4), see [16] .
In [3] , L. Ein and Lazarsfeld provide various examples in which the geometry of X can be recovered from information on the loci V i (X, ω X ).
In this section we prove a relative version of Theorem 2.1. Let π : X −→ Y be a surjective map of smooth projective varieties. Assume that Y has maximal Albanese dimension. Let n and m be the dimensions of X and Y , respectively. We wish to study the geometry of the loci V i (Y, R j π * ω X ). By a result of C. Simpson [16] , the irreducible components of these loci are torsion translates of abelian subvarieties of Pic 0 (Y ). Therefore, their geometry is completely determined by their torsion points.
Recall (see [11, Cor. 3.3] ) that for any torsion Q ∈ Pic 0 (X ), one has 
CLAIM
There exists a surjective map
H 0 (Y i , R j π * ω X i ⊗ P) −→ H i (Y, R j π * ω X ⊗ P).
Proof
We prove the assertion for P = O Y . In the general case the proof proceeds analogously. Consider the exact sequence of sheaves
This induces sequences of sheaves
By step 4 of the proof of [10, Th. 2.1 (iii)], for appropriately chosen D α , the above sequence is exact and equivalent to
The claim now follows.
Moreover, the map
and by the coboundary maps
The map δ is dual to the map
induced by successive restrictions. In turn, this map is complex conjugate to the map
induced by successive restrictions. Let V be the subspace of H 0 (X,
) corresponding to the complex conjugate of H i (Y, R j π * ω X ) * . It follows from the above claim that δ * induces an injection V → H 0 (X i , 
where the sum runs over all multi-indices of length
), for any fixed v ∈ V , by genericity of the choice of the point p,
we may assume that v(p) = 0 in
In particular, there exists a multiindexK such that aK (p) = 0, and for all 1 ≤ l ≤ n − i − j,k l does not belong to {m − i + 1, . . . , m}. Therefore, v ∪ ω ∈ H 0 (X, n− j+1 X ) is nonzero since the coefficient of dyK ∪{m} is nonzero. Composing again with complex conjugation and Serre duality, we see that there is a nonzero element in
The following notation is convenient. For any line bundle L on Y and
L ,Y,v the kernel and the image of the map
.
The subscripts Y and v are dropped when no confusion is likely.
Let τ : H 1 (X, O X ) → Pic 0 (X ) be the map induced by the exponential sheaf
. Let p X : X × → X and p : X × → be the projections to the first and second factors. We need the following theorem due to Green and Lazarsfeld. THEOREM 
([6])
There is a neighborhood of zero for which
Proof This is a generalization of [6, Th. 3.2] which follows from the comments preceding [6, Th. 6.1] (see also [2] ).
ω X ⊗P , and there is nothing to show. If k ≥ 1, then φ = 0 ∈ H i ω X ⊗P , and hence φ = γ ∪ v for an appropriate γ ∈ H i−1 (X, ω X ⊗ P). PROPOSITION 
is exact.
Proof
We use the notation of the proof of Proposition 2.2. Let us first consider the following diagram, which is commutative for each square:
. By abuse of notation, we also denote by f the corresponding element in
be the corresponding section under the coboundary map. One has
By the claim in the proof of Proposition 2.2, the condition H i (Y, π * ω X ⊗ P) = 0 is equivalent to the vanishing of the following map:
For all P in a punctured neighborhood of P 0 , the map ( * * ) vanishes. Therefore,
Following [11] , write γ = g j , where
, and therefore ( * ) is exact.
Proof of theorems
Proof of Theorem 1 By [7, Th. 1], we may assume that κ(X ) > 0. Let f : X −→ V be a birational model of the Iitaka fibration, and let π : X −→ W and S be as in §1.1. Assume that m = 2 (the proof proceeds analogously for any m ≥ 2). Fix H an ample divisor on S. For a fixed r 0, after replacing X by an appropriate birational model, we may assume that
where |M r | is nonempty and free, and F r has simple normal crossings. Let B be a general divisor of the linear series |r K X −π * H |. We may assume again that B has normal crossing support.
We have that L ≡ (π * H/r )+{B/r } is numerically equivalent to the sum of the pullback of a numerically effective (nef) and big Q-divisor on W and a klt Q-divisor on X .
As in the proof of [1, Lem. 2.1], it is possibile to arrange that
Since π : X −→ W is a surjective map, by [13, Cor. 10.15] 
is a torsion-free coherent sheaf on W , and h i (W, π * (ω X ⊗ L) ⊗ P) = 0 for all i > 0 and P ∈ Pic 0 (S). It follows that
for all P ∈ Pic 0 (S).
is torsion free and the image of X generates S, we see that S = S, and hence X −→ A is surjective.
Proof of Corollary 3
If κ(X ) = 0, this is a result of Kawamata. We may therefore assume that κ(X ) > 0. By Theorem 1, X −→ Alb(X ) is surjective. By [1, Lem. 2.1], h 0 (X, ω ⊗m X ⊗ π * P) > 0 for all P ∈ Pic 0 (S), where S is defined as in §1.1. From the map of linear series
it follows that P 2m (X ) ≥ dim(S) + 1, and therefore dim(S) = 0. The general geometric fiber X v of the Iitaka fibration has dimension dim(X ) − κ(X ). Since dim(S) = 0, by construction it follows that alb X (X v ) = Alb(X ) and hence dim(X ) − κ(X ) ≥ q(X ).
Suppose now that dim(X ) − κ(X ) = q(X ). Then the map X v −→ Alb(X ) is birationallyétale, and we may assume that X v is birational toÃ for a fixed abelian varietyÃ.
Remark. Under the same hypothesis one can show that in fact q(V ) = 0. In particular, if P m (X ) = P 2m (X ) = 1 for some m ≥ 2 and q(X ) = dim(X ) − 1, κ(X ) = 1, then V = P 1 .
Proof
Assume that there are two points P, Q in V 0 (X, ω X ). By Theorem 2.1, we may assume that P, Q ∈ Pic 0 (X ) are torsion elements. Pick any m > 0 such that
Proof of Theorem 4 (1) Let A := Alb(X ). By [15] , a * ω X is zero if and only if V i (A, a * ω X ) is empty for all i. By Proposition 2.2, this is equivalent to V 0 (A, a * ω X ) being empty. Thus if a * ω X = 0, by Lemma 3.1 we may assume that V 0 (A, a * ω X ) consists of exactly one (torsion) point, say, P and h 0 (A, a * ω X ⊗ P) = 1. We shall prove that the injection O A −→ a * ω X ⊗ P is in fact an isomorphism of sheaves. Therefore, a * ω X ∈ Pic 0 (A).
To this end, we consider complex D(v),
By Proposition 2.5, this is exact for all
Step 1.
There is an exact sequence of vector bundles on P:
To see this, it is enough to check exactness on each fiber (see [3] for a similar argument). A point in P corresponds to a line in H 1 (A, O A ) containing a point, say, v. On the fibers above [v] , the sequence of vector bundles corresponds to the complex D(v) which is exact. Similarly, there is an exact sequence of vector bundles on P:
is anétale map of abelian varieties. It follows also that a : X −→ A is an algebraic fiber space and the fibers F X/Y are contracted by a . By [7] there exists an induced (generically finite) rational map Y A . It follows that the generic degree of the surjective map Y −→ A is 1. Therefore, Y −→ Alb(Y ) is birationallý etale.
Proof of Theorem 6
To prove (1), we consider the generically finite map alb
Step 1. If κ(X ) ≥ 0, then the Iitaka model of X dominates the Iitaka model of Y . Therefore κ(X ) ≥ κ(Y ).
Let X −→ V and Y −→ W be appropriate birational models of the Iitaka fibrations of X and Y , respectively. Since κ(F X/V ) = 0, it follows by Lemma 5 that f (F X/V ) is birational to an abelian variety. And the map
is birationallyétale. Therefore, it is easy to see (following the proof of [7, Th. 13] ) that f (F X/V ) is contained in the fibers of the Iitaka fibration Y −→ W . Therefore, there exists a rational map V W . By changing birational models, we may assume that it is a morphism.
Step 2.
Since X −→ Y and Y −→ W are algebraic fiber spaces and dim We then consider the fiber space FX / −→ FỸ / . Since κ(FỸ / ) = κ(P) = 0, one sees that κ(FX / ) ≥ κ(FỸ / ) = 0 by the preceding case. The assertion now follows.
Proof of Theorem 7
If dim(X ) = q(X ) + 1, this is [7, Th. 15] . Let A = Alb(X ), and let q := q(X ) = dim(A). We have already seen that O A is an isolated point of V 0 (X, A, ω X ). Therefore, proceeding as in the proof of Theorem 4, we have h q (A, a * ω X ) = h 0 (A, a * ω X ) = 1. By [10, Prop. 7.6] , R n−q a * ω X = ω A . Therefore, by Hodge symmetry, Serre duality, and [11] ,
If n = q + 1 and P 1 (X ) = 1, then we would have h 0 (X, 1 X ) > h 0 (A, 1 A ), which is impossible. 
